A post-processing technique has been developed to suppress the MRI artifact arising from object planar rigid motion. In 2-DFT MRI, rotational and translational motions of the target during MR scan respectively impose non-uniform sampling and a phase error on the collected MRI signal. The artifact correction method introduced considers the following three conditions: (i) For planar rigid motion with known parameters, a reconstruction algorithm based on bilinear interpolation and the super-position method is employed to remove the MRI artifact.
I Introduction
Magnetic resonance imaging (MRI) is rapidly becoming a major diagnostic modality because of its many promising and substantial capabilities for investigating various body organs, especially the brain, spine and extremities [1] . With respect to two-dimensional Fourier transform (2-DFT) MRI [3] , [2] , acquiring an image with a standard spin echo sequence [4] - [6] takes several minutes. Body movements of restless, disoriented or injured patients, especially children and infants, are virtually unavoidable during conventional MR data acquisition. As a consequence, the resultant image quality is degraded by the imposition of a ghost-like artifact, blurring, and reducing the intensity of moving structures [6] . For this reason, several recent papers have reported on methods of reducing the MRI artifact arising from undesired patient rigid motion (such as the rotating or nodding of the head) and/or physiological movements (respiratory, cardiac, gastrointestinal and vascular motions, for example) [7] - [21] . Because of the complexity and variety of possible patient movements, most previous works have dealt with some limited types of motion. A review of computer post-processing methods that have been proposed to suppress motional artifacts is given in [21] . Some recent techniques have sought to reduce the MRI artifact resulting from object rigid motion (translational and/or rotational) in the imaging plane [13] - [21] . In previous work, we developed techniques to reduce the MRI planar artifact resulting from rotational [20] and translational [21] motions. However, rigid motion of the head during MR data acquisition remains a serious problem. Frequent head movement can limit the quality of brain images, which thus provide only vague diagnostic information. Hence, the development of a substantial computer post-processing technique to suppress the MR brain image artifact due to rigid motion was one of the main motivations of undertaking the present research. The eect of planar rigid translational motion is to impose a phase error on the MRI signal [10] , [17] . On the other hand, rigid rotational motion about a xed point in the imaging plane corrupts the MR image with non-uniform sampling of the related spatial frequency (k-space) data [19] , [20] . Thus, the general planar rigid motion (translational and rotational) of the object during data acquisition imposes both a phase error and non-uniform sampling on the MRI signal. In this paper, we attempt to combine and improve on the strong points of our previous work [20] , [21] , with the aim of reducing the MRI artifact caused by object rigid motion, particularly head movement, during MR scanning.
The paper is organized as follows: In Section II, we model the problem of an MRI artifact resulting from 2-D rigid motion. The formulae introduced in Section II are derived under the assumption of the inter-view eect -i.e. in a similar manner to that given in our previous paper [21] , we assume that 2-D rigid motion does not occur very rapidly. We can thus neglect the eect of the read-out axis or intra-view eect, which takes several milliseconds, and assume that unknown in-plane rigid motion parameters are those of the inter-view eect or only functions 1 IEEE Transaction on Medical Imaging, 15 (6) , 768-784, 1996. of the phase-encoding steps [8] , [9] . In Section III, we propose an algorithm using bilinear interpolation and the super-position method to reconstruct an MRI artifact due to target rigid motion in the imaging plane. For estimating motion unknown parameters, Ehman el al. [12] used navigator echoes to determine the displacement of the imaged object. However, limitations due to hardware, acquisition time, or other considerations may prohibit the acquisition of motion information for every image echo of clinical interest [14] . Another alternative which has been investigated in the previous studies [13] - [21] is to use the phase encoded image itself rather than phase-encoded navigator echoes for measurement of view-to-view object displacement. In this study, we are following the latter strategy. In Section IV.A, we assume that only the planar rotational angle is known and that other rigid motion parameters (the center of the 2-D rotation or translational motions) are unknown during data acquisition. To remove the artifact, rst we apply super-position bilinear reconstruction to eliminate the artifact arising from rotational motion about a xed center (origin) in the imaging plane. The mathematical model of the problem shows that in comparison with the original MRI signal, the remaining MRI signal only contains an additional phase error. Hence, we use an improved phase correction technique [21] to suppress the remaining phase error of the MRI signal. The method outlined in Section IV.B is concerned with estimating unknown planar rigid motion parameters using the MR artifacted image. To solve this problem, we employ minimum energy method. The computed energy of an ideal MR image is minimum outside the boundary of the imaging object. Undesired in-plane rigid motion increases the measured energy outside the object boundary. Using this property (as an evaluation function) and a non-linear search technique, we succeeded in accurately estimating unknown parameters of planar rigid motion in the presence of noise. In section V, we demonstrate the robustness of the proposed method by experiments using both simulated and actual MR data. Concluding remarks are made in Section VI.
II Model of the problem
Using a spin warp imaging sequence [3] , [2] , the relation between the MRI signal and the density distribution of the target in the imaging plane is given by [10] f(k x ; k y ) =
where f(k x ; k y ) is the MRI signal, k x and k y are spatial frequency coordinates related to the read-out and phaseencoding directions, p(x; y) is the density distribution of the non-moving imaging target, and x and y are horizontal and vertical coordinates in the imaging plane. In (1), it is seen that the MRI signal is the 2-D Fourier transform of p(x; y), the density distribution of the object in the imaging plane. Motion of the object during the MRI data acquisition can be shown as a function of k x and k y [16] . However, as each intra-view eect (k y = constant) in data acquisition time occurs so rapidly (in a matter of milliseconds), it is acceptable for most types of motion to neglect the eect of k x [8] , [9] . Thus, planar rigid motion parameters during conventional 2-DFT MRI can be regarded as a function of k y , the so called inter-view eect.
For a planar, inter-view eect rotational motion, the relation between the points of a rotated image (x r ; y r ), and its unrotated counterpart (x; y) can be expressed by [20] (6) where x = x (k y ) and y = y (k y ) , respectively, are the general 2-D translational motions (including x and y ) of an object along the read-out and phase-encoding axes. Hence, the displaced object, p rgd (x; y), can be described as a function of its unrotated counterpart, p(x; y), with the following equation:
p rgd (x; y) = p(x cos r (k y ) + y sin r (k y ) 0 x (k y ); 0x sin r (k y ) + y cos r (k y ) 0 y (k y )):
It is known that rotation of an object around the origin of the imaging plane by an angle r , causes the image spatial frequency components to rotate by the same angle [31] . Using this property, we can write the following relation between the MRI corrupted signal, f r (k x ; k y ), because of 2-D rotational motion around the origin of the imaging plane and its original value, f(k x ; k y ):
f r (k x ; k y ) = f(k x cos r (k y ) + k y sin r (k y ); 0k x sin r (k y ) + k y cos r (k y )):
(8) In MR imaging, as is seen in (8), the above eect imposes non-uniform sampling on the produced k-space data. Moreover, referring to the mathematical model described in our previous work [21] , translational motion imposes phase error on the MRI signal. Thus, the MRI artifacted signal arising from planar rigid motion, f rgd (k x ; k y ) can be described as follows:
Equation (9) shows that the only dierence between the signals f r (k x ; k y ) and f rgd (k x ; k y ) is their phase.
Finally, substitution of (8) in (9) gives the desired mathematical relation between the MRI signal corrupted due to planar rigid motion, f rgd (k x ; k y ), and the original MRI signal, f(k x ; k y ) f rgd (k x ; k y ) = exp[0j2( x (k y )k x + y (k y )k y )]f(k x cos r (k y )+k y sin r (k y ); 0k x sin r (k y )+k y cos r (k y )): (10) III MRI Artifact Correction with Given Rigid Motion
In practice, and working with the discrete MRI signal components, we have the values of the integer points of the corrupted MRI signal in k-space. Using these values and known motion parameters, we suggest estimating the values of the integer points of the original MRI signal by means of a 2-D interpolation method. Reconstruction of an original signal from non-uniform sampled data has been studied previously. In 1956, Yen [26] proved that the reconstruction of a band-limited signal from non-uniform samples is possible if there is a sucient number of data. Trussell et al. [27] proposed a mathematical method to reconstruct the image from non-uniform sampled data by sinc interpolation. However, their method is impractical for 2-D reconstruction; as an example, for a (512 by 512) image, the dimension of the sinc function interpolation matrix is (262144 by 262144). Trussell et al. concluded that for 2-D distortion the computation burden using a sinc function is so great that a faster interpolation technique must be used. Atalar et al. [28] also tested dierent interpolation techniques to solve the problem of non-uniform sampling. Their best technique, using 1-D sinc interpolation (for the k x and k y axes, respectively) and singular value decomposition (SVD) (for calculation of pseudo-inverse matrices), for a (256 by 256) image using a Sun-3 160 system, takes approximately 56 hours. A faster method, composite interpolation (cubic spline in the k x direction and SVD in the k y direction), takes only about 15 minutes, but the interpolation error imposes an artifact on the reconstructed image. Hence, Atalar et al. pointed out that a trade-o needs to be made between the cost of computation and the quality of the output image.
The above review of previous works shows that reconstruction of an MR image using non-uniform samples of the k-space is far from a simple problem. Nevertheless, in medical imaging the reconstruction procedure must be both speedy and preserve the quality. Assuming that rigid motion is an inter-view eect [8] , [9] and known, two previous studies [19] , [20] independently proposed similar algorithms for recovering the MRI signal from its non-uniform sampled k-space data. We can say, the explicit algorithm which separately was proposed in [20] has generalized the re-sampling method of [19] for all phase-encoding steps of the K-space: MRI data acquisition time contains N dierent phase-encoding steps. Assuming planar rigid motion is an inter-view eect, motion parameters are xed during each phase-encoding step. Thus, the MRI spatial frequency components can be assumed as the superposition of the N dierent images. In each of the N images, only one line, corresponding to the phase encoding step, is non-zero and the other lines are zero. It is assumed that the zero lines have the motional parameters of the non-zero line. Hence, the planar rigid motion parameters are xed for all lines of each of the N dierent images. On the other hand, using the superposition property, the inverse 2-D Fourier transform of the MRI signal can be obtained by adding the inverse 2-D Fourier transform of the previously discussed N images. Using the k-space data, the reconstruction algorithm is as follows [19] , [20] :
Step 0: Correct the phase error of the k-space data using the translational motion parameters (which are known or have been estimated using the techniques of Section 4).
Step 1: Divide the MR k-space data into the N dierent images so that each image contains one non-zero line (the corresponding phase-encoding step) and the other lines are zero.
Step 2: Calculate the inverse 2-D Fourier transform of the N dierent images.
Step 3: Using an interpolation method, rotate each of the N dierent images with its estimated (see Section 4.2) rotation angle (corresponding to the phase-encoding step of non-zero lines in each of the N-images).
Step 4: Calculate the 2-D Fourier transform of the N dierent images.
Step 5: To obtain the corrected MR signal, copy the above mentioned non-zero line (see Step 1) of each of the N images to the corresponding lines of a zero image. The accumulated data is the recovered MRI signal (the K-space data).
In our previous study [20] , the 2-D Fourier transform of the sum of the images had been applied instead of steps four and ve. However, it would cause the corrected-image data corresponding to each phase encoding step to overlap with all other phase encoding steps. This eect would degrade the quality of the resultant MR image. The mentioned steps four and ve that originated from [19] do not have such a problem. Then, the algorithm of this Section (comparing with that of [19] ) has been proposed to cope with all corrupted phase-encoding steps of the K-space. However, as the above algorithm interpolates data on one line of the K-space using only the rotated version of the same line of the K-space data, it gives accurate results around the region where the lines intersect. We can say, the above algorithm works very well if the rotation angle is very limited.
It is seen that in the method, steps 1-5 are dealing with re-sampling of the K-space non-uniform sampled data. However, interpolation has been done in the spatial domain. In this way, the drawback of the previous work resulting from doing the interpolation in the k-space [27] , [30] is by-passed. To increase the speed of the algorithm, in Step 2, instead of computing the inverse 2-D Fourier transform for each image, we propose the following: First, the inverse 1-D Fourier transform of the non-zero line (see Step 2) along the k x axis is computed for each image. Then, to calculate the inverse 1-D Fourier transform of all lines along the k y axis (for each image), as there is only one non-zero value at each line along k y , the inverse 1-D Fourier can be obtained very rapidly. Moreover, as Step 3 of the algorithm must be repeated N times, the selected interpolation method should be both accurate and fast. Floyd et al. [30] showed that for image re-sampling on a cylindrical sector grid, such as rotational motion, bilinear and overlap weighting were the best interpolation methods. In comparison, overlap weighting was more accurate but bilinear interpolation was faster. To preserve both accuracy and speed, we used the following bilinear interpolation in the algorithm: Referring to (9) , it is seen that the only dierence between the MRI artifacted signal arising from planar rigid motion, f rgd (k x ; k y ), and the MRI artifacted signal resulting from 2-D rotational motion about the origin of the imaging plane, f r (k x ; k y ), is in their phase. If we reduce the artifact of the image caused by rotation about the origin using the algorithm introduced in Section III, the remaining artifact of the MR image is due to the phase error. The recovered MRI signal after reducing the artifact due to the rotational motion about the origin of the imaging plane , f c (k x ; k y ), can be shown by:
where f(k x ; k y ) is the original MRI signal. In (12) , the interpolation error of reconstruction algorithm is neglected.
In our previous work [21] , we developed an improved phase correction method based on spectrum shift [14] , [18] and phase retrieval [13] techniques. We proved the robustness of the method by reducing the artifact of an actual MR image resulting from planar translational motion. In this study, the same techniques as discussed in [21] are employed to correct the phase error of the MRI signal, f c (k x ; k y ), due to unknown X-directional and Y-directional translational motions. The spectrum shift algorithm is used for an MRI artifact caused by X-directional motions. Then, the phase retrieval algorithm suppresses the remaining artifact due to sub-pixel motion of the X-direction and the entire motion of the Y-direction.
IV.B Minimum Energy Method
In conventional Fourier imaging, MR data acquisition takes N phase-coding steps. As we showed in (6), for the inter-view eect in-plane rigid motion, r (k y ), x (k y ) and y (k y ) are unknown but xed at each phaseencoding step. Hence, in general, the maximum number of unknown motion parameters is 3N. With a given rotational motion, r (k y ), the method explained in Section IV.A was eective in correcting the MRI artifact due to unknown x (k y ) and y (k y ). In this section, we introduce a method for estimating all unknown planar rigid motion parameters.
In an ideal MR imaging, most of the energy of the acquired image is located inside the boundary of the imaging object. In other words, the produced intensity levels of the resultant image is from the magnetization distribution of the object. The energy of an MR image, E 0 , resulting from a stationary object outside the region of interest (ROI) (here, the boundary of the imaging object) can be expressed as follows:
where b ij is the intensity of the image pixel (i; j). Expressing E 0 in absolute term can be a complicated matter because of the multitude of inuential parameters in MRI [34] . We can say, E 0 represents the noise of the MR image outside the ROI. When the rigid object moves during the MRI data acquisition, its location changes, and as a result, the energy outside the ROI increases: For example, if the energy of an ideal MRI image is assumed E 0 outside the ROI (see (13)), 2-D rotational motion will change it to E t so that E 0 < E t . In general, the total energy of the MR image outside the ROI, E t , can be written by
where N is the number of phase-encoding steps and E i is the increasing factor of the energy due to planar rigid motion at the phase-encoding step i. In (14) , due to the many factors which inuence E 0 , we have assumed that the cross-correlation terms are relatively small and thus have been neglected. However, for large values of noise, the cross-correlation terms may not remain relatively small and hence can not be neglected. In other words, Equation (14) can be used as an evaluation function to estimate the unknown rigid motion parameters r (k y ),
x (k y ), and y (k y ) as long as the term E 0
In our previous work [20] , by applying a linear search method, the eectiveness of the above-mentioned method was conrmed for a unit step type rotational motion occurring at phase-encoding step k r with a rotation angle of r . Unknown motion parameters (k r and r ) were estimated accurately for a simulated MRI artifact in the presence of additive noise. In this section, following an explanation, we present an algorithm for nding rigid motion with more unknown parameters using the above-mentioned method and a multivariate, non-linear search.
If the rigid motion parameters change M times (M < N) during MR data acquisition, the k-space contains M + 1 segments with dierent motion parameters where one of the segments can be assumed to be the reference segment. Hence, in addition to r , x and y , the phase-encoding step (k y ) in which the rotation occurred is the fourth unknown parameter of each k-space segment. For example, if a rigid object moves four times (M = 4) during MR data acquisition, the unknown motion parameters number 16. Wood et al. [19] , using the paired t test and k-space data, identied k y values where subject movement occurred. In Section V, we illustrate another technique using a spectrum shift algorithm to nd the unknown k y s. Hence, for the above example the number of remaining unknown parameters decreases to 12. In practice, rigid motion of the head is unknown, but is bounded during data acquisition time. Therefore, it is reasonable to assume that: j r j < m , j x j < 1 and j y j < 2 .
Using these assumptions, we minimize E t with 3M (for the above example: M = 4) unknown parameters using a direct search Complex algorithm [32] , [33] . The above-mentioned assumption causes the non-linear minimization method [32] , [33] to converge toward the actual global minimum. To compute E t at each iteration, knowing the ROI is necessary. However, detecting the boundary of the imaging object (ROI) from the MRI artifacted image is very dicult due to the presence of motion ghosts. To nd the ROI accurately, we copied one of the M + 1 segments of the k-space to the corresponding segment of a zero image. We then computed the inverse 2-D Fourier transform of the image obtained and binarized the result with a threshold value. For a typical k-space segment which contained at least 10 phase-encoding steps, we succeeded in obtaining an acceptable ROI. To achieve convergence and to speed up the non-linear search, nding suitable initial points for unknown parameters was necessary. To overcome this diculty, we rst applied the direct search Complex algorithm [32] , [33] locally to estimate 3 unknown parameters, r , x and y , of each segment. In this step, zero was selected as the initial values of all unknown parameters. After several iterations, zero values were replaced by suitable initial values of unknown rigid motion parameters corresponding to each segment. By using the values obtained in the previous step, the assumed boundary values for unknown r s, x s and y s were also modied. Then, the values of the unknown parameters obtained in the local searches were used as the initial values of the corresponding parameters in the global search. By experience, it was found that after I iterations, the unknown parameters converged to a small boundary of p pixels and degrees, respectively, for translational motions and rotation angle. Hence, to prevent saturation of the search algorithm, the initial values of unknown parameters and boundaries were replaced by the newly obtained values. In this method, each k-space segment with unknown parameters adds its own cost to each iteration. Nevertheless, the total number of iterations depends on the number of unknown variables. The method described above for nding unknown rigid motion parameters with M abrupt changes (M < N) during MR data acquisition, can be simplied in the following algorithm:
Step 0: Acquire unknown k y s, by using the paired t test [19] or spectrum shift algorithm (see explanations of Fig. 2 in Section V).
Step 1: Estimate the ROI as follows y : { Copy one of the M k-space segments to a zero image.
{ Compute the inverse 2DFT of the result. { Extract the ROI by thresholding the result.
Step 2: Estimate the boundary and initial values of unknown parameters of each segment as follows:
{ Set the initial values of unknown r , x and y to zero.
{ Set preliminary boundaries of unknown r , x and y z : j r j < m degrees, j x j < 1 pixels and j y j < 2 pixels. Step 3: Apply the direct Complex search algorithm to estimate unknown values in a 3M-dimensional space, iteratively, I times.
Step 4:
{ Replace the initial values of the non-linear search with the corresponding estimated values.
{ Renew the boundary values to p pixels and degrees apart from the estimated values obtained in
Step 3.
{ Set the loop-counter to zero.
Step 5: Apply the direct Complex search algorithm to estimate unknown values in a 3M dimensional space, iteratively, I times.
Step 6: Replace the initial values of the non-linear search with the estimated value obtained in the previous step. If the loop-counter < L, go to Step 5, else end.
Remarks:
y In practice, a physician with rough knowledge about the boundary of the imaging object (the brain image, for example) interactively determines the most suitable segment as well as the appropriate value of the threshold.
z In the case of an actual MR scan, as patient is recommended to avoid movement during the scan time, assuming boundary for rigid motion parameters is reasonable (for example: m = 30 degrees, 1 = 30 pixels and 2 = 30 pixels).
V Experimental Results
In this section, we evaluate experimentally the model and algorithms developed in the previous sections. Fig.  1 shows the results of an experiment to reconstruct an MRI artifact due to a known planar motion employing the algorithm introduced in Section III. In the previous works, the reconstruction method was evaluated for several types of motion such as sinusoidal, single-shift [20] , and four abrupt changes of the head [19] during data acquisition. In the following, we conrmed the reliability of the reconstruction algorithm for another type of planar rigid motion. The simulated image was a Shepp and Logan phantom [25] (for digitization process see [13] ), which is shown in Fig. 1(a) . Fig. 1(b) shows a typical rotational angle. The amplitude and width (numbers of the phase-encoding steps) of the motion were produced by random generators. The minimum k-space segment with a xed rotation angle contained 10 phase-encoding steps. Figs. 1(c) and (d) respectively demonstrate random X-directional and Y-directional translational motions. Fig. 1(e) shows the simulated MRI artifact obtained by applying the above mentioned rigid motion. Fig. 1(f) shows the reconstructed image using superposition bilinear reconstruction. Fig. 1(g) is the MR image produced by adding zero mean Gaussian noise (S=N) = 16dB, to Fig.  1(e) . Fig. 1(h) shows the recovered noisy image. Comparison of Fig. 1(f) with 1(e) and 1(h) with 1(g) reveals the eectiveness of the algorithm introduced in Section III. It is necessary to remember that as the interpolation method is used both to create the simulated artifact and to recover the original MR image, in all experiments using simulation the resultant interpolation errors are twice the actual values.
Figs. 2 and 3 show the results of applying the phase correction method (see Section IV.A) to improve the quality of an MRI artifact when the rotation angles and translational motions, respectively, are known and unknown during MR data acquisition. As it was shown in [21] , the Y-directional Fourier transform of the MR output image is equal to the X-directional inverse Fourier transform of the MRI signal. We computed the Ydirectional Fourier transform of Fig. 1(a) , and then changed the result to a binary image by using a threshold value of .005 ( Fig. 1(a) was noiseless) . The binary image is shown in Fig. 2(a) . Figs. 2(b) , (c), and (d) respectively demonstrate the shapes of the rotational angle, and the X-directional and Y-directional translational motions. Fig. 2(e) shows the artifacted image resulting from planar translational motion using Figs. 2(c) and (d). Fig. 2(f) illustrates the Y-directional Fourier transform of Fig. 2 (e) and was obtained in the same manner as 2(a). We previously showed [21] that extracting X-directional motion (Fig. 2(c) ) from the edges of Fig. 2(f) was possible. Fig. 2(g) shows the artifacted image arising from planar rotational motion using Fig. 2(b) and a typical rotation center of (128,200). Fig. 2(h) shows the Y-directional Fourier transform of Fig. 2(g ) and was obtained in the same manner as 2(a). Abrupt changes of the rotation angle are observable in 2(h). Hence, in addition to the procedure of Wood et al [19] in which the paired t test was shown to be eective in identifying k y values acquired during subject movement, the spectrum shift algorithm is an alternative means of nding unknown phase-encoding steps, k y s, where new rotations occur (see Section IV.B). Fig. 2(i) shows the artifacted image resulting from planar rotational motion using Figs. 2(b) , (c), (d), and a typical rotation center of (128,200). Fig. 2(j) shows the Y-directional Fourier transform of Fig. 2(i) and was obtained in the same manner as 2(a). A combination of the edge displacements of Figs. 2(f) and (h) is seen in Fig. 2(j) . Our goal was to reduce the MRI artifact of Fig. 2(i) . As noted earlier, for Figs. 2 and 3 the rotational motion parameters were known. Fig.  3(a) shows the corrected image after reducing the rotational artifact of Fig. 2(i) . In our previous work [20] , we employed the phase retrieval method [13] to remove the remaining artifact of Fig. 3(a) . The result of using this method is shown in Fig. 3(b) . The image is seen not to be improved suciently. As we described previously [21] , for a large X-directional (read-out) translational motion, the rate of phase wrapping grows and the phase retrieval algorithm fails to converge. To solve this problem, we used the following procedures. First, the edges of the Y-directional Fourier transform of Fig. 2(i) ( Fig. 2(j) ) were extracted. The detected displacement is demonstrated in Fig. 3(c) . Second, using the known places of abrupt changes in the k-space, assuming that the unknown X-directional motion of Fig. 2(c) was smooth, and Fig. 3(c) , we estimated the unknown X-directional motion ( Fig. 3(d) ). Third, we corrected the artifact of Fig. 2(i) using the motions of Figs. 2(b) and 3(d) . The result in shown in Fig. 3(e) . Comparison of Fig. 3(e) with 3(a) shows that the image is improved. To designate the ROI for the phase retrieval method, Fig. 3(e) was changed to a binary image with a threshold value of 30 ( Fig. 3(f) ). Fig. 3(g) is the nal result of our proposed method, which was obtained by reducing the remaining artifact of 3(e) with the phase retrieval algorithm (50 iterations). This experiment revealed the robustness of the phase correction method (see Section IV.A) in comparison with the previous technique [20] (Fig. 3(b) ). The remaining artifacts on Fig. 3(g) can be explained as follows: for a severe rotation angle (such as Fig. 2(b) ) the re-sampling technique discussed in Section III could not perfectly remove the eect of non-uniform sampling of the K-space. It meant that the phase information of the re-sampled K-space was aected by the reconstruction method. As the non-actual value of the phase was consequently employed in the phase retrieval method [13] , the technique could not improve the quality of the artifact image as much as the previous work [21] .
Figs. 4 and 5 evaluate the algorithm developed in Section IV.B to nd unknown planar rigid motion parameters. Previously [20] (using the linear search method), we conrmed the capability of the algorithm to nd the parameters of an unknown single-shift rotational motion. In the experimental results of Fig. 4 , using a non-linear minimization method [32] , [33] , we attempted to nd the unknown parameters of planar rotational motion (see (5) ). In this experiment, it was assumed that during MR data acquisition, the imaging object was abruptly rotated several times, so that the center of rotation (Figs. 4(a) and (b) ) and the rotation angle (including the number of abrupt changes), Fig. 4(c) , respectively, were known and unknown planar rotational motion parameters. The artifacted image resulting from the above motions is shown in Fig. 4(d) . To estimate the unknown parameters, rst, the number of abrupt changes (10 times) in k-space was found by the spectrum shift method (in the same manner as in Fig. 2(h) ). Then, the ROI (Fig. 4(e) ) was obtained as follows: 2-D FFT of 4(d) was computed, and the rst upper part of the k-space with a constant rotation angle was copied to a zero image. Then, the inverse 2-D FFT of the obtained image was made binary with some threshold value. Finally, the algorithm of Section IV.B was used to estimate the 10 unknown rotation angles in an iterative scheme. each segment with unknown parameters needed 5 seconds. Hence, each iteration took 50 (5 x 10) seconds. After 300 iterations which took less than 4 1 2 hours, the algorithm succeed in nding all 10 unknown rotation angles with less than one degree error. The corrected image is shown in Fig. 4(f). Fig. 5 shows the results of applying the minimum energy method (the algorithm of Section IV.B) when all parameters of planar rigid motion are unknown (Figs. 5(a), (b), and (c) ). The artifacted result after adding zero-mean Gaussian noise ((S=N) = 16dB) 2 is demonstrated in Fig. 5(d) . The number of abrupt changes in k-space value (4) and the ROI were obtained in a similar to that used in Fig. 4 . The algorithm of Section IV.B was then employed to nd the 12 (4 x 3) unknown parameters of unknown planar rigid motion. Again, each segment with unknown parameters needed 5 seconds. Hence, each iteration took 20 (5 x 4) seconds. After 300 iterations, which took less than 2 hours, the algorithm succeeded in nding all 12 unknown rotation angles with errors of less than one degree and one pixel, respectively, for planar rotational and planar translational motions. The corrected image is shown in Fig. 5(e) . The same experiment as of Fig. 5 was repeated with higher values of noise. It was concluded that the algorithm was eective as long as (S=N) was greater than 14 dB. When the (S=N) becomes very poor medical and diagnostic information of the MR image (non-moving target) will be lost. Hence, in such a noisy condition dealing with artifact-correction of a non-stationary target is not clinically helpful.
The experimental results shown in Figs. 4 and 5 reveal the promising behavior of the minimum energy method for estimating unknown parameters of planar rigid motion.
Figs. 6, 7, and 8 show the results of experiments to eliminate MRI artifacts arising from unknown rigid motion occurring during actual scans. The materials for the imaging object of Fig. 6 (a) were selected as follows. Markers were a water solution of Gadolinium-DTPA (a contrast medium for MRI), the gray region was a water-absorbed polymer of sodium acrylate, and the white regions (inside the gray region) were obtained by a water solution of nickel sulfate. The MR scan was taken by a General Electric Signa 1.5T System at Osaka University Hospital (TR = 1000 msec., TE = 20 msec., EC = 1/1 16kHz, FOV = 32cm x 32cm, 256 x 256/1 NEX). Fig. 6(b) is the artifact image resulting from imposing a controlled single-shift planar rotational motion about the center point (128,128) during the MR scan. The ROI (Fig. 6(c) ) was obtained by thresholding 6(b) with a value of 50. The minimum energy method (see Section IV.B) was employed to estimate two unknown motion parameters, k y and r . Adding two high density markers, one to each side of the imaging object, to amplify the magnitudes of the edges of the X-directional Fourier transform of the MRI signal was suggested in the previous papers [14] , [21] . In this experiment, the markers were used to amplify the change in the energy outside the boundary of the imaging object (to speed up the convergence in the minimum energy method). Fig. 6(d) shows the corrected image after using the estimated parameters k y = 105 and r = 4:5 degrees and applying the algorithm given in Section III.
Comparison of Fig. 6 (d) with 6(b) conrms eectiveness of the methods discussed in this paper.
In the previous work, Wood et al. [19] reported on using a head-coil and pillow to control the head-nodding of a volunteer within the sagittal plane. Here, three of the present authors (R. A. Z., S. T., and Y. S.) acted as volunteers for the actual MR experiments. It should be emphasized that each volunteer did the experiment only once without any preliminary trials. Head movement was not restricted by a head-coil and/or pillow. The trans-axial brain images were acquired with a standard spin-echo sequence (Figs. 7(a) and 8(a) S.) moved his head too much so that we failed to recover the desired image; the result obtained after correction was the brain image of another slice. This revealed the need to increase the capability of the algorithm, to provide k-space data of multiple slices in the neighborhood of the desired imaging plane (multiple 2-D slice acquisition). However, the promise shown by the basic method indicates that, the technique can be improved to correct MRI artifacts due to 3-D rigid motion [19] .
, where the size of the image is (M x M) pixels; S(i; j) and N(i; j) respectively, are the signal and noise-energy at (i,j) [31] .
VI Conclusion
The eect of patient planar rigid motion during MR data acquisition is to impose a phase error and non-uniform sampling on the corresponding k-space data. With known rigid motion parameters, the method developed here using the super-position property and bilinear interpolation was eective in reconstructing an actual MRI artifacted image. The result of the reconstruction algorithm can be expanded to correct other non-uniform sampling distortions in conventional MR Fourier imaging which satisfy the assumption of the inter-view eect. By experiments, we conrmed the capability of the phase correction method (spectrum shift and phase retrieval algorithms) to reduce the artifact of an MR image when the rotation angles and translational motions were, respectively, known and unknown during MR data acquisition. For planar rigid motion with all parameters unknown, we developed a method to estimate the motion parameters using the MR artifacted image and minimum energy method. We conrmed the robustness of the method in estimating unknown motion parameters of simulated and real MR data. Finally, we showed the feasibility of utilizing the method clinically by decreasing the MR artifact of brain images arising from the rigid motion of volunteers. The next step in this research is to expand the current techniques to reduce the MRI artifact due to unknown 3-D rigid motion. Corrected image using the phase retrieval algorithm to remove the remaining artifact of (a) (after 30 iterations).
In comparison with (a), the artifact is not improved suciently. (c) Detected motion from the edges of the spectrum in Fig. 2(j) . (d) Estimated X-directional motion using (c) and known locations of abrupt changes in rotation angle (Fig. 2(b) ). (e) Corrected image using (d) to remove the X-directional translational artifact of (a). (f) ROI detected by thresholding (e) with a value of 30. (g) Corrected image by using (e) (rotational and X-corrected image) and the phase retrieval algorithm after 50 iterations. This experiment conrms the ability of our technique ((g)) to correct a MRI 2-D rigid motion artifact ((a)) more satisfactorily than the previous method ((b)). 16 To create the ROI, the 2-D FFT of (d) was computed, and the rst uppermost part of the k-space with a constant rotation angle was copied to a zero image. Then, the inverse 2-D of the image obtained was made binary with some threshold value. (f) Corrected image after estimating 10 motion parameters (rotation angles) using the minimum energy method. Before applying the method, spectrum shift algorithm was used to nd abrupt changes along the k y direction (to nd segments with a xed rotation angle). The algorithm was reliable in estimating all 10 unknown rotation angles with less than 1 degree error. , and (c)) contains 4 abrupt changes. Hence, excluding unknown k y s (that were estimated by the spectrum shift algorithm) for each of the four segments, we had to nd 3 unknown parameters. In other words, the goal of this experiment was to estimate 12 unknown parameters of planar rigid motion. (d) Artifact image resulting from rigid motion (using (a), (b), and (c)) and additive zero mean Gaussian noise (S=N = 16dB) (e) Corrected image after estimating 12 motion parameters using the minimum energy method. In the presence of noise, the algorithm was reliable in estimating unknown translational and rotational parameters with errors of less than 1 pixel and 1 degrees, respectively. In comparison with (b), due to the head movement, the edges of the spectrum are displaced. Using (d) and the spectrum shift algorithm, the unknown phase-encoding step was estimated. (e) ROI obtained in the same manner as in Fig. 3(e) . (f) Corrected image after estimating the remaining 3 motion parameters by the minimum energy method. This experiment conrmed the feasibility of using the algorithm to reduce MRI artifacts caused by the patient rigid motion in a clinical setting. 
